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111. Propofitions feleCied from a Paper on the Divifion of
Right Lines, Surfaces, and Sokids. By James Glenie,

4. M. of the Univerfity of Edinburgh. Communicated
&y the Aftronomer Royal.

R. June, 1775.

PROPOSITION I. THEOREM.

If from the angles at the bafe of any right-lined triangle,
right lines be drawn ta the alternate angles of rhombi,
defcribed upon the oppafite fides, and applied reciprocally
to the fides produced; and from the vertex, through the
interfection of thefe lines, a right line be drawn to meet
the bafe: the fegments of the bafe, made tbe}’eby, will
have to each other the duplicate proportion of the fides.

ET acsbeanyright
lined triangle. Let
AFEC, CDGB be rhombi, y
on any two fides Ac, cB D
of this triangle, applied : '
refpeétively to cB, AcC,
produced: from the al-
ternateangles EFA,DGB,
of which let Fa, ga, be
right linesdrawn to the
angles at the bafe, or
third fide, AB. Then, if through the interfection O of
Vor. LXVIL L thefe
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74 Myr. GLENIE’S Propofitions.

thefe lines, a right line
coL be drawn from the
vertex ¢ to meet the .
bafe aB; the fegments D
AL,LB,of the bafemade _ E
thereby, will have to Fy
each other the dupli-
cate proportion of the
{fides ac, cB. For
‘through the vertex c __
let there be arightline A
drawn parallel to AB, to meet BF, AG produced, if ne-
ceflary. Then, fince the triangles cqH, cpi, are re-
fpeétively equiangular to the triangles aqB, aPB (135.
and 29. E. 1.); the proportions of cx to AB and of aB
to 1c are refpectively equal to the proportions of cq_
to Q8 and of AP to Pc (4. E. 6.). But the proportion
of cH to rc is compounded of the proportion of cH to
AB, and of AB to 1c; and confequently is equal to the
proportion compounded of the proportions of cqQ_to B,
and of AP to rc. And, fince the triangles Acq, APF,
are refpectively equiangular to the triangles BQg, BPC
(15.and 29. E. 1.); the proportions of cq_to @B and of
AP to pc are each equal to the proportion of aAc to cB
(4. E. 6.); and when compounded are equal to the du-
plicate proportion of Ac to ¢cB. Wherefore the propor-
tion of cH to 1c, which hath been fhewn to be equal to
the proportion compounded of the proportions of cq_to
Qs and of AP to P, is alfo equal to the duplicate propor-
4 tion
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tion of ac to cB (11. E. 5.). But, fince the triangles
coH, cot, are refpe&tively equiangular to the triangjes
AOL, LOB, the proportion of cH to 1c is equal to the pro-
portion of AL to LB (4. E. 6. and 16. E. 5.).. Therefore
the proportion of AL to LB is equal to the duplicate pro-
portion of ac to ¢cB (11.E. 5.). 2 E. D,

cor. 1. If the triangle be ifofceles; the nght line
drawn from the vertex to the bafe is perpendicular
thereto, and the fegments of the bafe are equal to each
other.

cor. 11..When the triangle is right-angled, the line
drawn from the vertex to the bafe is always perpendicu-
lar to it (as appears from 8. E. 6. and its cor.); and the
rbombi become fquares on the fides comprehending the:
right angle.

cor. 111. The fegments of the fides adjacent to the
bafe, ate refpectively third proportionals to the fum of
the fides, and the fides themfelves.

coR. 1v. The fegments of the fides adjacent to the
vertex are equal to each other, and each of them is a
fourth proportional to the fum of the ﬁdes, and the
fides themfelves(e),

COR.

(a) And it may be added, a mean in proportion bétween the two fegments
adjacent to the bafe. Forif a right line A8 be any how divided in ¢, and from
Y S e the two fegments cA, cB, third propor-

A D C E B tionals to the whole line.and each fegment
refpe&tively, cp, CE; be taken away, the remainders AD, EB, are equal, and each
8 a mean in proportion betweenthe two cp, ce. For becaufe Ar:ac=ac:cp3
La therefore,
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coR. v. The fegments of the bafe are proportional
to the fegments of the fides, which are adjacent to
them.

PROPOSITION IIL

Let there be any two right lines given. There is an angle
which may be made by thefe lines; fuch that if, from their
extremities which do not meet, right lines be drawn to
the alternate angles of rbombi defcribed on them, and re-
ciprocally applied to them when produced; and from the
Jaid angle through the inter/eltion of thefe lines, a right
line be drawn to meet the right line joining the faid ex-
tremitiess the fegments of this line made thereby, fball be
refpectively equal to the adjacent fegments of the given
lines.

therefore, by converfion, AB:Bc=cA : AD. Again, becaufe AB : Bc=Bgc: cE,
by converfion AB: Ac=Bc:BE: and by permutation AB:BC=AC : BE.
Therefore ac: BE=Ac : Ap. Therefore Ap and B are equal.. I fay, more-
over, that each of the two equal lines ap, BE, is a mean in propostion between
the two cp, ce. For becaufe BA: Ac=ac:cp, by divifion Bc:ca=ap:bpc.
Again, becaufe BA : BC=Bc : CE, converting and dividing Be : cA=CE : EB,
Therefore, cE : EB=AD : D¢, R, E. D, s. HORSLEY,

LET
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LET Ac, cB, be any two
given right lines, and let cp
in Ac produced be equal to
cB. On ap defcribe a femi-
circle; draw cN at right an-
gles to ap, and equal to cp-
(11. E. 1.); join &, N; and
apply a right line am in the
femi-circle equal to AN (I.
E. 4.). From the point'm
draw the right line ms at '
right angles to ap (1. E. 4.) Make a triangle acs, hav-
ing its fides equal to Ac, as, and cB (by 22. E. 1.); and’
AcB is the angle required to be found; and the feg-
ments AL, LB, of the right line AB joining the extre-
mities A and B of the given lines are refpeétively equal
to the fegments ap, BQ, of the given lines, which are
adjacent to them. For the {quareon Bchath to the fquare
on Ac the duplicate proportion of Bc to ac (cor. 1. to
20. E. 6.); that is, the proportion of BL to LA (prop. 1.).
Wherefore the {quares on ac, cB; that is, the {quare on
ANor AM(47.E. 1.) hath to the {quare on ac the propor-
tion of AB to AL (18. E. 5.). But the fquare on AN or
AM is equal to the rectangle contained by ap, as (8. and
17.E. 6.). Wherefore the rectangle contained by ap,
As, hath to the {quare on ac, the proportion of AB to AL;
that is, the proportion of the reétangle contained by as,
as to the rectangle contained by ar, as (1. E. 6.). Con-
fequently, the proportion of the reftangle ap, as, to the

' rectangle
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retangle AB, As; that is, the proportion of ap to aB (1.
E. 6.) is equal to the proportion of the fquare on ac to
the rectangle aL, as (16. E. 5.) But Ap hath to ac the
proportion of aAc to ap (cor. 3. to prop. 1.). Therefore,
the rectangle aD, ac, hath to the fquare on Ac the propor-~
tion of the rectangle ac, as, to the reCtangle ap, as (1.
E. 6.). Therefore ap hath to as or A the proportion of
the {quare on ac to the rectangle ap, as (16. E. 5. and
1. E. 6.). Hence the rectangle aL, as, is equal to the
rectangle ap, As (11.and 16. E. 5.), and AL, AP, are con-
fequently equal. But as AL to AP, {0 is BL to BQ_(by cor.
5. prop. 1.). Therefore BL, BQ, are likewife equal.
Q. E. D.

PRO-
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PROPOSITION {lI. PROBLEM I

To multiply the fquare of a given finite vight line by any

number.
LAQ
1
:N/
¥
1 |
v/
c a ‘o bls ¢ a «°
A B D EFM H ' K P

UPON an indefinite right line ap fet off the given
right line A3 draw BcC at right angles to Ap and equal to
AB; and from a through ¢ draw an indefinite right line
AQ, Take Ap equal to Ac, and draw DE parallel to BC;
AF equal to AE; and draw FG parallel to Bc, and fo on.
Then it appears (from 47. E. 1.), that the fquare of ac

is
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is equal to the {quare of aB multiplied by 2; the fquare
of AE equal to the {quare of AD or ac multiplied by 2
that is, equal to the fquare of AB multiplied by 4, and fo
on. Thus the {quares of Ac, AE, AG; Al, AL, &c. are re~
fpectively equal to the fquare of AB multiplied by the
terms of the following feries 2, 4, 8, 16, 32, 64, &c.
where the {ixty-third term gives the {quare of AB mul-
tiplied by the laft term of sEssa’s Series for the Chefs-
board. :
If cx be drawn parallel to ap, the {quares of ag, AJ,
Ac, Ad, &c. will be refpectively equal to the fquare of
AB multiplied by 3, 5,9, 17, 33, 65, 129, &c. Alfo
if Ag be taken equal to A4, and ge¢ be drawn parallel to
BC, and this be repeated, the fquares of ae, &c. will be
equal refpectively to the fquare of AB multiplied by
6, 12, 244 48, &c. And the {quares on a¢, &c. will be
equal to fquare on AB multiplied by 4, 7, 13, 25, 49,
&c. Inlike manner, if AM be taken equal to A4, and MN
be drawn parallel to Bc, the fquares on AN, &c. will be
equal refpectively to the {quare on AB multiplied by
10, 20, 40, 80, 160, &c. And the fquares on as, 8c.
will be equal refpeively to the fquare on AB multiplied
by the terms of the following feries: 6, 11, 21, 41, 81,
161, &c. .
In the fame way, if right lines be drawn from: g, ¢ G,
N, I; Ly 8c. there will arife numberlefs othes feries. And
if Bc be taken equal to A multiplied by any number,
{urd, fradtional, or mixed, there will be obtained a great
variety of feries, confifting refpectively of terms, which
are
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are {urd, fractional, or mixed. And by dividing Bc, DE,
Ze, FG, MN, HI, KL, in different ways, according to plea~
fure, we may apply the fame method to fractional num-
bers, without altering the magnitude of Bc. Thus, if
BC be bifected, and a right line be drawn through the
point of bifetion parallel to arp, there will be found
right lines, the fquares on which are refpectively equal
to the fquare on AR multiplied by a great number ot
fractions, having four for their common denominator,
and {0 on.

PROPOSITION IV. PROBLEM II

9o find a right line, the fquare on which /ball be equal to the
Jquare on a given right line, divided by any number.

IF, ufing the figure of the immediately preceding pro-
blem, we fuppofe the given right line to be denoted by
AL, the fquares on AK, AH, AF, AD, AB, &c. will re~
fpeéhvely be equal to the fquare on AL multiplied by
D PP TE IO e T o 30 Tergy XC or divided by
2, 4, 8, 16, 32, 64, 128, 2506, 512, 1024, &c.; and {o
on for other numbers, whole, furd, frational, or mixed.

VoL. [.LXVI. M PRO~-
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PROPOSITION V. PROBLEM IIIL

To cut off from a given right line a part expreffed by any
odd number.

ILLET aB be the given right
line. At right angles to it, at JE
one of its extremities B, draw
an indefinite right line BE.
Let # be the given odd num-
ber, which exprefles the part
of aB which is to be cut off.
Take sc{uch a right line (prob.
8.), that the {quare on it thall
be equal to the {quare on as,

multiplied by the number '-'—EI~

Draw cL as in the firft theo-
rem, and take Ls equal to LB. !
I fay, As is that part of aB, A § 1. B
which is exprefled by the odd number 7.

For the {quare on ac being equal to the {quares on aB,
BC,is equal to the {quare on aB multiplied by the number

n—I n+1 .
~, + 1, or —— 'Therefore it appears (from prop. r.

. n—1 n—1i
and cor. I.to 20. E. 6.), that ALis to LB as ——+1 to ——.

Confequently, as is equal to the part required. &, E. F.
3 Thus,
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Thus, if the fquare on Bc be fuppofed fucceflively
equal to the {quare on A8 multiplied by the terms of the
feries 5, 6,7, 8,9, 10, 11, 12,13, 14y 15, 106, 17, 18,
&c. the numbers of the feveral parts denoted by as, will
be 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 33 35,
37, 39, 41, &c. which feries comprehends all odd num-

bers after 9,and might have begun from 3 had the other
feries begun from 1.

M2 P R O
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PROPOSITION V. PROBLEM 1V.

To cut off from a given right line a part exprefed by any
even number .

Fo
D
I C i B

Let /2 denote any even number in general. Draw any
indefinite right line 81, and at right angles to it another
BE. On BE fet off the given right line 8a, and from a,
- with the diftance equal to a right line, the fquare on
which is equal to the fquare on A8 multiplied by the

number
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number -1, interfet BH in fome point ¢. From the
vertex A of the triangle BAc draw AL as was directed in
prop. 1.and draw Ls parallel to ¢A. Ifay BLis fuch a
part of Bc as is exprefled by the number #2; and that 8s
is the fame part of AB. For it appears (from prop. 1.)
that BL is to cL as 1 to m#—1. Wherefore 8L is the th
part of Bc. And Bs is the fame part of as that BL is of
BC (4. E. 6.)

Thus if the {quare on ac be fucceflively denoted by
the {quare on AB multiplied by 3, 5,7, 9, 11, 13, 135,
17, 19, 21, 23, 25, &c. Bs will be fucceflively {uch a
part of aB as is exprefled by 4, 6, 8, 10, 12, 14, 16, 18,
20, 22, 24, 26, 28, &c.

PROPOSITION VII. THEOREM II.

If from the angles at the bafe of any right lined triangle,
right lines be drawn to the alternate angles of rhombi
defcribed on the other two fides, and reciprocally applied to
them produced, and through the interfeltion of thefe lines,
a right line be drawn from the vertex to the bafe; the
reclangle contained by the fines of the angles at the ex-
tremities of one of the fides, will be equal to the relangle
contained by the fines of the angles at the extremities of
be otber (v); andtbe parallelepiped contained by the fines of

the

{5) The authot means, that fin. AcL % fin. cAL =fin. BcL X fin. c5L (fee
fig. prop. 1.). For fin, AcL : fin. L=AL: AC, and fin. L : fin. BcL =8c:pL. Take
¥, a third in proportion to AL, Ac. Then, becaule Ac® i Bc*=aL :Lp, N will

2 Likewife
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the angles of one of thofe triangles, into which the origi-
nal one is divided by the faid line drawn from the vertex.

will be equal to the parallelepiped contained by the fines of
the angles of the other.

cor. The two triangles, adjacentto the fegmentsof the
bafe, have to each other the proportion of the two adja-
cent to the fides containing the vertical angle, or the pro-
portion of the two into which the original triangle is di-
vided; and any one of thefe pairs of triangles are as fimi-
lar figures defcribed on the fides, being as.the fegments
of the bafe, which have to each other the duplicate pro-
portion of the fides.

PROPOSITIQN VIII. THEOREM III.

If from the angles at the bypotenufe of any right angled
right lined triangle, right lines be drawn to the alternate
angles of [quares defcribed on the fides containing the
right angle, and from the point where the right line
drawn from the right angle, through their interfection,
meets the bypotenufe, right lines be drawn to the points,
where thefe lines meet the fides; the lines fo drawn will

likewife be a third in proportion to LB, Bc. Hence, fin. AcL :fin.L=Ac:N,
and fin. L : fin, BCL=N : BC. Ex @quo perturbate fin. AcL : fin, BCL=AC : BC.
Butfin, cBr : fin. cAL =Ac : Bc. Therefore, fin. aAcy:fin, BcL =CBL : fin, cAL,
and fin. AcL x fin. caL = fin. BcL x fin. csL. @, E. D, And hence,

fin, L xfin, acy x fin. caL = fin. L x fin. BCL X fin, ¢BL, which is the fecond
branch of the propofition. s. HORSLEY.

make



Divifion of Right Lines, Surfaces, and Solids. ~ 87

make equal angles with the hypotenufe, and the right line
drawn from the right angle to meet ity and will likewife
bave to each other the proportion of the fides containing
the right angle(.

COR.

(¢) Forinthe triangle AcB, having the angle at c right, conftruét the figure
as in the firft propofition, and join Lp, Lo, The author affirms, that the angles

D

A L B
PLA, QLB, and alfo the angles cLp, QLT, are equal, and that PL : LQ=ca: cB.
Produce Lp, Lq_, till they meet the right line 11 in M, N. Now, becaufe My, AB,
are parallel, therefore AL.: Mc=aP:Pc, and cN:LB=cq (or Pc): QB.
Therefore, AL X CN : MC X LB==AP : QB. But AP : qB=AL:LB (by theor. 1.
cor. 5.). Therefore, AL x N : MC X LB=AL : LB. 'Therefore, cnand cmare
equal. But becaufe the angle Ace is right, cv is perpendicular to aB (by
theor. 1. cor. 2.), and confequently to MN. Therefore the angles mcr, wNci,
are right, and Mc being equal to cN, and cL common to the two triangles mcL,
ncL, ML will be equal to LN, and the angles MLc, cML, equal to NLc, CNL, refpec-
tively. Hence it is evident, that the angles cLp, cLQ, are equal, and each is

half a right angle ; and likewife PLA, QLB, are equal, and each half a right angle.
Further,
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cor. I The alternate triangles of thofe four, which
have their vertices in the point, where the right line
drawn from the right angle meets the hypotenufe, are
fimilar, and have to each other the proportion of the
fegments of the hypotenufe, or the duplicate proportion
of the fides containing the right angle.

cor. 11. Either pair of the adjacent triangles lying on
different fides of the right line drawn from the right
angle, and having their vertices in the interfe&tion of the
right lines drawn from the angles at the hypotenufe,
have to each other the proportion of the alternate trian-
gles, having their vertices in the interfection of the firft-
mentioned line and the hypotenufe.

coRr. HI. The trapezium or quadrilateral figure formed
by the fegments of the fides adjacent to the right angle,.
and the right lines joining their extremities with the in—
terfection of the hypotenufe, and the right line drawn
from the right angle to meet it, is capable of being in-
fcribed in a circle; and is divided at the interfe@ion of
right lines drawn from the angles at the hypotenufe to
the alternate angles of {quares, defcribed on the fides
containing the right angle, into triangles which are pro-
portional to one another, and when taken two by two,.as.

Further, the angles, PLA, cLq,, are equal, each being half a right angle. And
the angles PAL, LcQ, are equal (by 8. Elem.6.). Therefere the angles apr, cQL,.
will be equal, and the triangles aprL, cqy, fimilar, and the fides fubtending the
equal angles proportional. Therefore, PL:LA=qL:LCc. By permutation,
s.P:LQ=LA:LC. But La:rc=ac:cs (by8. Elem. 6.). Therefore,
LP:1Q=Ac:CcB. 2. & D. s HORSLEY,

they
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they lie adjacent on different fides of the diagonal, are
proportional to the unequal fides of the trapezium, and
to the two triangles into which the diagonal divides it,
For opPL : oPc=L0 : oc=0QL:0QC. Therefore, OPL : oQL
=OPC : 0QC=LPC : LQC=LP:LQ,

PROPOSITION IX. THEOREM 1V.

If from the angles at the bafe of any right lined triangle,
right lines be drawn tq the alternate angles of rbomboids
defcribed on the other two fides, and reciprocally applied
to them produced, a right line drawn from the vertex
through the interfeltion of thefe lines will cut the bafe into
two parts, having to each other the proportion com=
pounded of the proportion of the fides, and of the propor-
tion of the other two lines comprebending the rbom-
boids.

I SHALL f{ubjoin a demontftration of this theorem,

fince the firft propofition in thefe papers is only a parti-
cular cafe of it.

Vor. LXVL N Let
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o
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Let the triangle be acs, the bafe aB, the rhomboids
ACEF, ccDG; and let the right lines BF, aG, be drawn.
Then, if from the vertex c through their interfection O,
a right line coL be drawn to meet the bafe, the fegments
AL, LB, thereof will have to each other the proportion
compounded of the proportions of ac to cB, and of ck
to cp. For through the vertex c let a right line 1cx be
drawn parallel to AB, to meet BF, AG, produced, if necef-
fary. Then, fince the triangles cQs, cpi, are refpetively
equiangular to the triangles AQB, apB (1 5.and 29.E.1.);
the proportions of cH to a8, and of AB to 1c are re{pec-
tively equal to the proportions of cq_to 8, and of ap to
PC (4. E. 6.). But the proportion of cH to 1c is com~
pounded of the propertions of cH to A8 and of AB to 1c;
and confequently is equal to a proportion compounded of
the proportions of cq_to @B and of AP to pc. And fince
the triangles acq, APF, are refpectively equiangular to

I the
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the triangles BQgG, Bpc (15. and 29. E. 1.); the propor-
tions of cqQ_to @B, and of Ap to pc, are refpettively equal
to the proportions of Ac to BG or cp, and of AE or CE to
¢B. Wherefore the proportion of cH to 1c is equal to the
proportion compounded of the proportions of Ac to ¢p
and of cE to cB, or of ac to ¢B and of cE to cp. But
fince the triangles coH, coi, are refpeétively equiangular
to the triangles aoL, LoB, the proportion of cH to ic is
equal to the proportion of AL to LB (4. E. 6.). There-
fore the proportion of AL to LB is equal to the propor-
tion compounded of the proportions of ac to ¢s and of
CEtocp. . E.D.

scHoLIUM. If cE, cp, be equal to each other, AL hath
to LB the proportion of ac to cB, and cL bifets the an-
gle AcB; if cE have to cp the inverfe proportion of ac to
CB, AL is equal to LB} if cE have to cp the proportion of
AC to CB, AL hath to LB the duplicate proportion of Ac to
cB; and univerfally, if ce have to cp any multiplicate
proportion, 7, of Ac to cB, AL hath to LB fuch a multipli-
cate proportion of Ac to cB as is exprefled by the num-
ber #+1. And if cE have to cp any multiplicate pro-
portion 7 of cB to Ac, AL will have to LB fuch a multi-
plicate proportion of ¢B to ac, as is exprefled by the num-
ber m—-1.

N 2 IV. A



